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Abstract

Deductiveretrieval anddeductivesynthesisare twocon-
ceptually closely related software developmentmethods
which applytheoremprovingtechniquesto supportthecon-
structionof correctprograms.In thispaper, wedescribean
integration of both methodswhich combinestheir comple-
mentarybenefitsandalleviatessomeof their drawbacks.

The core of our integration is an algorithm which au-
tomaticallyextractsqueriesfrom the synthesisproof state
and submitsthem to a specializedretrieval system. Re-
trieved componentsare then usedto closeopensubgoals
in theproof. Weusea higher-orderframeworkfor synthesis
in which higher-ordermeta-variablesare usedto represent
programfragmentsstill to besynthesized.Hence, theintro-
ductionof a new meta-variableis anattemptto synthesizea
new fragmentandsohighlightsa possiblereusestep.This
observationallowsus to invoke retrieval only after a sub-
stantialchangeratherthanat everyproofstepandprevents
overloadingtheretrieval mechanism.

Our integration raisesthegranularity level of synthesis
byavoidinga substantialnumberof proofsteps.It alsopro-
videsa frameworkfor adapting“near-miss” componentsin
thecasethatanexactmatch cannotberetrieved.

1. Intr oduction

Deductivesynthesisanddeductiveretrievalaretwo com-
plementaryyet contrastingapproachesto formal software
development.Deductivesynthesisstartswith aformalspec-
ification and usesa theoremprover to derive new pro-
gramsfrom this specification. In its generalform, it is a
decomposition-based,top-down approachorientedtowards
creative systemdesign. Deductive retrieval is the appli-
cationof theoremproversto find existing componentsfor
specifications.As such,it is a composition-based,bottom-
upapproachandworkswith entitiesof smallerscalesuchas
componentsor functions. Recently, retrieval systemssuch
as NORA /HAMMR [18] and REBOUND [17] have shown

tractablewaysto scaleretrieval up to largercomponentli-
braries.

In thispaperweinvestigatetheintegrationof adeductive
retrieval systeminto adeductivesynthesisframework in or-
der to maximizethe advantagesof both approaches.We
presentour ideasin the context of deductive tableausre-
interpretedin higher-orderlogic asin [2, 3]. Suchhigher-
order frameworks are well-suitedfor the creative aspects
of deductive synthesis.They give thedesignerfull control
over the emerging systemstructureasprogramfragments
yetto besynthesizedarerepresentedby meta-variables,i.e.,
within the logic itself and not by any extra-logical con-
structs. Implementationsare typically built on top of in-
teractive proof environmentswhich automatethe tedious
bookkeepingtasks.Attemptsarebeingmadeatfull automa-
tion (e.g.,[1]) but this is anelusivegoal.

Themaintechnicalideaof ourintegrationis toextractre-
trieval queriesin theform of pre-/postconditionpairsauto-
maticallyfromthesynthesisproofstatewheneverit changes
substantially. Thesequeriesare usedto retrieve library
componentswhich arethen“pluggedinto” the proof state
by instantiatingmeta-variables.Theresultis aninteractive
systemfurtheraugmentedwith automatedprocedures.The
userstill controlsthe synthesisprocessandthe automated
retrieval processkicks in only in promisingsituations.

An integratedsystemprovidesgreatpotentialfor allevi-
atingdrawbacksof theindividualapproaches.Puresynthe-
sis systems,especiallythosebasedon generalproof tech-
niquessuchasdeductivetableaus[11], donotscaleupwell,
asfor exampleobservedby [8]:

“The mainproblemof generalapproachesto pro-
gramsynthesisis thatthey forcethesynthesissys-
temto deriveanalgorithmalmostfrom scratch...”

An integrated, dedicatedretrieval subsystemeffectively
allows synthesisto bottom-outin previously synthesized
componentsinsteadof thebuilt-in operatorsof thelanguage
only andthushelpsto raisethe level of granularity. Pure
retrieval systems,on the other hand,faceproblemsif no
matchingcomponentscanberetrievedfor agivenquery. In



anintegratedsystem,furthersynthesisstepscanbeapplied
to provide a moredetailedquery, or to adaptretrievedbut
notperfectlymatchingcomponents.

This potentialcan,however, berealizedonly if two crit-
ical assumptionsaremet:

�����
theretrieval subsystemactu-

ally savesproofeffort and
�������

thesynthesissubsystemdoes
not generate(too many) uselessqueries. In our case,the
first assumptionholdsby constructionasweutilize special-
ized,highly tunedretrieval systemswhich work fully auto-
matically, retrieving on averagemorethan85%of therele-
vantcomponentsin a realisticamountof time. Thesecond
assumptionis moredifficult to achieveasmany proofsteps
in programsynthesisare mere bookkeepingstepswhich
do not changethe proof statesubstantially. Hence,invok-
ing the retrieval subsystemaftereachstepwould overload
it with an excessive numberof equivalentqueries. In the
higher-order framework, a substantialchangeamountsto
the introductionof a new meta-variable,a conditionwhich
caneasilybe checked automatically. This observation al-
lowsusto invokeretrieval only whenappropriate.

2. Recastof the basictechnology

2.1. Deductivesynthesis

Deductive program synthesisis basedon the Curry-
Howard isomorphism [7] or “proofs-as-programs”-
paradigm which assertsthat a constructive proof of a
specificationis equivalent to a functional programwhich
is correctwith respectto this specification. A variety of
different approacheshasbeeninvestigated(cf. [8] for an
overview). Here, we briefly describethe approachesby
Manna/Waldingerand Ayari/Basinwhich are the basisof
ourwork.

2.1.1.Deductive tableaus in classicalfirst-order logics.
MannaandWaldinger[12] have arguedthat it is “too con-
strainingtocarryouttheentireproofin aconstructivelogic”
and,moreover, thatit is sufficient to restricta proof in clas-
sical logic to be constructive only whennecessary. They
alsodevelopeda first-ordersynthesismethodologywhich
usesa two-dimensionalstructurecalledadeductivetableau
to representa proofstate.

Eachrow in thetableaucontainsasinglesentence,either
asanassertionor asagoal,andoneor moreoptionaloutput
termswhich representthe programunderconstruction.In
theinitial tableau

assertions goals � �����	�
 �
� � ������� ����
��������

theonly goal row containstheskolemizedinput specifica-
tion ����� � � 	�
 � ����� ; this is alsotheonly row containingan
outputentry. All remainingrows areassertionrows; they
containtheaxioms

��� ��������� � �
of thedomaintheory.

Subsequentproof stepschangethe tableauor extendit
by new rows. The main proof rule is non-clausalresolu-
tion [11, 14] which is similar to a caseanalysisin aninfor-
maldevelopmentandwhichaccountsfor theintroductionof
conditionaltermsin theprogram.Non-clausalresolutionis
usedin severalalternativeversions;the  ! -versionshown
hereresolvestwo goal rows with two unifiablequantifier-
freesubexpressions" and "$# .

% � 
 " � &
%�'(
 "$# � )

% �+* 

false,-" � if " *.

then
) *%/' * 


true,0"$# � else
& *

The resolvent is a new goal row. Its goal is a conjunction
of both original goalsunderthe imageof the unifier

*
af-

ter replacingall occurrencesof " ( "$# ) by false (true); its
outputtermis anif-then-else-statementwith theuni-
fied subexpression" * asguardandthetwo originaloutput
terms

) *
and

& *
asbranches.Theotherversionsaresimilar.

Thecalculusalsoincludesrulesfor simplificationandsplit-
ting of assumptionsandgoals,skolemization,handlingof
equivalencesandequalities,anda well-foundedinduction
rule to introducerecursion.

The proof processis completeif the tableaucontainsa
final row

true
)

or, by duality,

false
)

provided that the outputterm
)

is groundandbuilt up en-
tirely from primitive (i.e., executable)functionsymbols;

)
canthenbeextractedasthefinal program.

2.1.2.Re-interpretation of deductive tableausin higher-
order logics. Ayari andBasin [3] have pointedout that
theoriginalversionof deductivetableaussuffersfrom some
inherenttechnicallimitations. Sinceproofs in the deduc-
tive tableauscalculusaresequencesratherthantrees,rules
that split a tableauinto multiple sub-tableausare not al-
lowed andmust be encodedusing non-clausalresolution.
Non-clausalresolution,however, while acceptablein an
automatedprover, is particularlyunfriendly in an interac-
tive context. Finally, the inductionrule mustbe usedin a
bottom-upway andtheuseof a first-orderlogic meansthat
reasoningaboutwell-foundednessis not possible,so that
terminationproofsmustpreceedinduction.



To overcometheselimitations, Ayari and Basin usea
higher-orderlogic asimplementedin the ISABELLE-system
[15]. ISABELLE providesa meta-logicin which objectlog-
ics maybeencoded.Universalquantificationandimplica-
tion of the meta-logicare representedby 1 and 2�3 , re-
spectively; iteratedimplication 452�3 �76 2�3 8 � is ab-
breviatedby


 
 4:9 6;� � 2�3<8 . Higher-orderlogic is encoded
by formalizingconnectiveslike

.
of type =
>?>?@BAC=D>?>E@�F=D>?>E@ and� of type

�HG FI=
>�>E@ � FI=
>?>?@ , where
G

is atype
variablerangingoverall HOL types.

[3] describesthedevelopmentof somesynthesisproofs
usinghigher-orderlogic. Ratherthantransformingtheorig-
inal specificationinto a tableauthey directlyoperateon the
proofstate� � . ����� . ��� FIJK"MLONP � 
 
RQ �TS � 9 ����� 9 Q �TS ��U � � 2�3 % �

...V � 
 
RQCW S � 9 ����� 9 QCW S ��X � � 2�3 %OW
wheretheexistentialvariablesarereplacedby higher-order
meta-variables

��Y
actingasplace-holdersfor programfrag-

ments.1 The tableaurows are replacedby the opensub-
goals. Eachsubgoalstill hasa singleconsequent

%
(i.e.,

goal in Manna/Waldinger’s terminology) but may at the
sametime have an arbitrarynumberof hypotheses(or as-
sertions)

Q$Z
whichmayincludefragments

��Y
.

Non-clausalresolutionis replacedby higher-orderreso-
lution which is applicableto two meta-formulae
 
\[ � 9 ����� 9 [KW � � 2]3 [
 
_^ � 9 ����� 9 ^ � � � 2]3 ^
where

^
higher-order unifies with

[`Y
. The result for the

unifier
*

is thenew subgoal(i.e.,row)
 
\[ � * 9 ����� 9 [KYba � * 9 ^ � * 9 ����� 9 ^O� * 9 [KYdc � * 9 ����� 9 [ W * � � 2]3 [ *
This givesus a naturalway to carry out programsyn-

thesis in a way consistentwith the Deductive Tableau
method. Proof developmentproceedstop-down since it
startswith the antecedents,but the presenceof the shared
meta-variablesintroducesan elementof bottom-updevel-
opment.

The use of higher-order logic meansthat termination
proofsarealsopossiblewithin theframework. This is done
via thefollowing rule for well-foundedinduction:
 
 �O� � � �fe �(g e � �ihkjml!Fon � e �_� Fon � � � 9�pD� � l ��� �2�3q�O� � n � � �

Notethatthedecisionasto which well-foundedrelation
is to beusedmaybedelayeduntil lateron in theproof if l
is a meta-variable. Only when l is instantiatedit mustbe
shown that pD� � l � holds.

1Theuseof meta-variablesto delaythechoiceof existentialwitnesses
is alsoknown asmiddle-outreasoning,a termcoinedby Alan Bundy.

2.2. Deductiveretrieval

The purposeof software componentretrieval in gen-
eralis to identify andlocatepotentiallyreusablecandidates
within a componentlibrary. This is a core task in soft-
ware reuse: after all, componentshave to be found be-
fore they can be reused. A wide variety of different re-
trieval approacheshas beeninvestigated(cf. [13] for an
overview); the approachesdiffer substantiallyin which
facetof a softwarecomponent(e.g., documentation,syn-
tactic structure,executionexamples)they usefor retrieval
and,consequently, in the mechanismto establishpotential
reusability.

However, only deductive retrieval canexploit exact se-
mantic informationspecificto the components.The basic
ideais asfollows:

1. Eachcomponentr is associatedwith a contract, a for-
mal specificationwhich capturesthe relevantcompo-
nentbehavior in the form of pre- andpostconditions,
e.g.,

lTsEt �\uiv�uw�d&+)_� l v�ux�d&T)
pre true
post � u # vyuw�d&+) � u 2zl|{ u # .~} l_� � l �

to computeanorderedinitial subsegment(i.e., run) of
a list.2

2. Contractsalsoserveasqueries� , e.g.,� l } �
� l0� & �7�yVB� t )��_u�v�uw�d&+)_� l v�ux�d&T)
pre

u��2 
 �
post � u � ��u ' v�uw�d&+) �u 2 u � {�lf{ u ' . �\u � �2 
 ����u ' �2 
 �H�

canbe usedto retrieve any functionwhich returnsan
arbitrarycontinuouspropersublistof theargument.

3. For eachpossiblecandidatein thelibrary, a proof task
is constructedcomprisingtherespectivepre-andpost-
conditions.

4. A candidatequalifiesif andonly if thevalidity of the
associatedtaskcanbeestablished,usuallyusinganau-
tomatedtheoremprover.

Hence,the approachretrievesproven matchesonly. The
exactnatureof componentreuseis determinedby theexact
form of theproof tasks.Themostcommonform is plug-in
compatibility�

pre��F pre� � . � pre� . post��F post� � (1)

which supportsblack box reuse—retrieved components
may be reused“as is”, without further proviso or modifi-
cation.Othertaskvariantssupportwhiteboxreusebut then

2 � denoteslist concatenation,�b� theemptylist, � �b� asingletonlist with
item � andord is auser-definedpredicate.



manualchecksor codemodificationsarerequiredin order
to guaranteetheapplicabilityof theretrievedcomponents.

Themainproblemin deductiveretrieval is thelargenum-
berof emergingproof tasks.Naive generate-and-proveim-
plementationsdrown any prover, but recentefforts show
how to circumvent this problem[18, 17, 5]. We assume
that our integrated tool usesa retrieval systemsuch as
NORA /HAMMR [18] in whichapipelineof filtersof increas-
ing deductive strengthareusedto pruneaway proof tasks
associatedwith non-matchingcomponentswhilst maintain-
ing abalancebetweenfastresponseandhighprecision.Ex-
perimentalevidenceshowsthatthismakestheretrieval task
tractable.

3. Benefitsof integration

Purecomponentretrieval is basedontheassumptionthat
the library alreadycontainssolutionsto thequery. In gen-
eral, however, this assumptionis not true. Components
usuallyneedto be modifiedbeforethey satisfy the query
specification[16]. Supposethataquery � hasnomatching
componentsin the library but thata partialsolution 8 can
beretrievedif we relaxthematchingrequirements,e.g.,by
droppingpreconditions.Theproblemthenis how to adapt8 to a completesolution.

Penix[16] describesanadaptationframework in which
softwarearchitectures[6] areusedto adapt 8 to satisfy �
by building a wrapperaround 8 or composing8 with an-
othercomponent,� . A limitation of this framework is that
it is basedentirely upon retrieval. � must also be avail-
ablein the library. If this is not the case,therecould bea
potentially infinite numberof iterationsto searchfor new
components,� � � # � � # # ������� .

By integratingdeductive synthesisinto this framework,
theusercouldinvokea sequenceof synthesisstepsto carry
outtheadaptation.Indeed,it maybethatafterasmallnum-
ber of suchsteps,the specificationis refinedto the point
wherelibrary componentsmatchagainstit. We illustrate
thisprocessonanexampletakenfrom [16, p. 94].

Thetaskis to constructa functionfind whichgivena list
of recordsanda naturalnumberwill returna recordwhose
keyfieldhastheintegerasits value.A problemspecification
for find is asfollows:

�|r v l � rT� uw�d&+)T���$v0� �i��� � r ���
� jmr . ��� � r ���/���w� � e�2 �
where��� is ahigher-ordermeta-variable.Supposethatour
library containsthebinarysearchcomponent:� & � � l_r�� �\u�v l � r+� uw�d&+)T�T��v��`� l v l � r

pre l � r } l�� ��u��
post l$j u . l ��� � e�2 �

where l � r } l_� is the usuallist orderingpredicatespecial-
izedto listsof records.

Clearly, thepostconditionof bsearch satisfiesthespecifi-
cationfor findbut thepreconditiondoesnothold. However,
bsearch can still be retrieved by using the weaker match
conditionalcompatibility:� � l ���7�\�� \¡ �7¢ . � } &+) �7�\�� \¡ �7¢ � F � } &+) £ �y¤
Thistellsusthatbsearch is apartialsolutionto theproblem.
To obtaina completesolution,we needa sorterwhich is
thencomposedwith bsearch. This is capturedformally by
defininga compositionarchitecture,composingtwo com-
ponents� 4 and � 6 sequentiallyinto a compositesystem� 8 :

� 8 Yx� � � � F � 4 Yw� � � �� 8 Yw� � � � . � 4:¥\¦-§ � � � e � . � 6 ¥\¦-§ � e �T��� F � 8f¥\¦-§ � � ���?�� 4 Yw� � � � . � 4M¥\¦0§ � � � e � F � 6 Yw� � e �
By instantiating � 6 with bsearch, a specificationfor the
missingsortercan be obtained. At this point [16] could
fail—if there is no sorter in the library, then the system
cannotbe completed.It may be possibleto retrieve near-
matchesonceagainandrepeattheprocess,but thereis no
guaranteethatthisprocesswill terminate.

We proposethat once bsearch is retrieved, the user
shouldbegin to derive the sorterusing deductive synthe-
sis rather than relying on further retrieval steps. In our
framework, the useof the compositionalarchitecturecor-
respondsto a partial instantiationof ��� , �-� � r �T�
� 2� & � � l�r�� � �y¨ � r �T���/� where ��¨ is a meta-variablerepresent-
ing the sorter. Note that therearetwo designdecisionsto
be madehere. First, the exact instantiationof ��� needs
userinteractionto specify, for example,which parameters�y¨ takes. Second,the usermust(aswith [16]) choosean
architecture. To extract a specificationfor �y¨ within the
synthesisframework, theremustbeapre-definedtacticthat
usesthe definition of the architectureasa lemmaand in-
vokes theoremproving tacticsas in [16]. Applying such
tacticswould resultin thefollowing proofsubgoal:� & � � l�r�� � �y¨ � r �T�R�/���w� � e�2 � . � & � � l�r�� � �y¨ � r �T���/� j©r.

perm
� r � �y¨ � r �_� . l � r } l_� � �y¨ � r �\�

Thelasttwo conjunctsgive a specificationfor thesorter
(where �
� l V is introducedby resolving againsta back-
groundtheory)andcanbeusedto synthesizevarioussort-
ing algorithms. We show how to synthesizequicksort in
thenext section.In fact,our presentationthereshows how
to make furtheruseof a componentlibrary duringsynthe-
sis by retrieving auxiliary functionsusedin the definition
of quicksort. This exampleshows how to combinededuc-
tive synthesisand retrieval in the context of software ar-
chitectures.This combinationalleviatesthe drawbacksof
retrieval (whatto do if nothingis retrieved?)andsynthesis
(how to raisethelevel of granularityof synthesis?).



perm
� 
 ��� 
 �ª�

perm
��u � ��u ' � F«�¬j u �®­ �¯j u '

perm
��u � { u ' ��) � { ) ' � ­ perm

�\u � { 
 ��� { u ' �0) � { 
 ��� { ) ' �
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 �H�
ord
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 ���H�
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���Dv°v � vbv°u�� ­ �_�²± � � .
ord
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���D� 
 �H���
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Figure 1. Background theory (cf. [10, 3])

4. Extracting queriesfr om synthesisproofs

In this sectionwe describehow we integratedeductive
componentretrieval into deductive programsynthesis.We
assumethat synthesisis done interactively in the typed,
higher-orderframework of [3] andthatretrieval is doneau-
tomatically. Thesynthesisstepsstill drivetheintegratedde-
velopmentprocess—theuserappliesinferencerulesor tac-
tics in thenormalway; retrieval stepsareinvokedeitherau-
tomatically, whenever it seemspromising,or interactively,
i.e., underexplicit usercontrol. The usermay chooseany
subsetof the retrieved componentsandusethemto close
subgoals.If therearestill opensubgoalsleft, hehasto go
onwith theapplicationof furthertacticsandtheprocessre-
peats.If no componentscanberetrieved,theuserre-gains
controlimmediatelyandcontinueswith theproofprocess.

Note that the integration can only be semi-automatic
even if retrieval works fully automatically. Integratingre-
trievedcomponentsinvolvesa numberof majordesignde-
cisionsthatmustbe resolvedby the user. Thesearehigh-
lighted in the following text. Even so, thereis greatpo-
tential for retrieval to bypassmany theoremproving steps.
Auxiliary functionsynthesismayrequireproofsthatareas
or morecomplicatedthanthe top-level functionsynthesis.
This effort canbe eliminatedalmosttotally by integrating
deductiveretrieval.

Thecoreof our integrationis analgorithmwhich auto-
maticallyextractsretrieval queriesfrom thesynthesisproof
state. Eachmeta-variable in the proof staterepresentsa
programfragmentwhich musteitherbesynthesizedor can
alternatively be retrieved. Hence,eachtime a new meta-
variableis introduced,therearefurtherpossibilitiesfor re-
trieval andso we extract a (pre, post)-conditionspecifica-
tion which is thensubmittedto theretrieval system.

In thefollowing wewill illustratethevariousstepsin the
queryextractionalgorithmby synthesizingquicksort from

thestandardspecification3

� u � perm
�\uR�

?S
��u��_� .

ord
�
?S
��u��_�

of agenericsortingprogramoverabackgroundtheorycom-
prisingpermandord asspecifiedin Figure1. Following[3],
theinitial ISABELLE proofstateis:

� F´� u � perm
�\uR�

?S
��u��\� .

ord
�
?S
��u��\�

P � � 2�3I� u � perm
��uR�

?S
�\u��\� .

ord
�
?S
�\u��\�

Here,andin thegeneralframework of [3], therearein fact
two kindsof meta-variables:

µ Accumulatorvariablessuchas
�

whichrangeoverfor-
mulasandhold a possiblyincompletedefinition of a
synthesizedfunction.

µ Propermeta-variablessuch as ?S which rangeover
lambdatermsandrepresenta partof theoutputof the
desiredprogram. Only suchmeta-variablesare rele-
vant in retrieval. Henceforth,any referencesto meta-
variablesexcludeaccumulatorvariables.

For clarity of explanation,we presentthequeryextraction
algorithmin severalstages.Eachstagemakesa numberof
assumptionsaboutthe currentproof state;someof these
assumptionswill be removed or further explainedas we
progress.Supposethat thecurrentproof statecomprisest
opensubgoalsJ Y andthatwewantto retrievecodefor each
of the

� W
meta-variables�y¶ Y · , P ±;¸¹±º� W in J Y .4 Thenthe

assumptionsareasfollows:

1. For each
�_��¸

, all occurrencesof �y¶ Y · appearin conse-
quentsof theopensubgoals.This restrictionwill not
be lifted in this paperbecausea meta-variablewhich
occursbothin theantecedentandconsequentof asub-
goalinducesa recursivequeryspecification.

2. For each
���H¸

, all applicationsof �y¶ Y · are identical
(modulo

G
-conversiononthemeta-level), i.e.,for each

occurrenceof ��¶ Y · , the parametersof �y¶ Y · are the
same.This restrictionwill not be lifted in this paper
dueto spacerestrictions.

3. Thereis no meta-variablethat appearsin more than
oneopengoal,i.e.,thesets¶ Y 2z» �y¶ Y · v P ±~¸B±¼� W$½
aredisjoint for

P ±¾�C± t . This restrictionwill be
lifted in Section4.4below.

4. Thereis only a singlemeta-variablein eachsubgoal,
i.e., for each

�
, ¶ Y is a singleton.This restrictionwill

belifted in Section4.3below.
3Weomit typesfor sake of clarity.
4Notethattheremaybeothermeta-variablesin theproof for whichwe

donotwish to retrieve code.



5. For each
���H¸

, all occurrencesof �y¶ Y · aresimple,i.e.,
all its argumentsare distinct object-level variables.
This restrictionwill belifted in Section4.2below.

Thebasicstepsof thealgorithm,however, arethesamein
all cases.

1. Unskolemize all occurrencesof the selectedmeta-
variable(s)�y¶ .

2. Forma headerfor theretrieval query.

3. Derive the querypreconditionfrom the antecedentof
thesubgoal(s)J .

4. Derivethequerypostconditionfrom theconsequentof
thesubgoal(s)J .

5. Searchthecomponentlibrary.

6. Instantiate�y¶ in theproofstate.

We illustratethesestepsusingthequicksortexample.

4.1. The basealgorithm

In this sectionwe tackle the casein which all of our
assumptionshold, i.e., thereis a singlemeta-variablecon-
finedto simpleidenticaloccurrencesin a singleopengoal.
Following [3], the initial proof stateis refinedto the one
given in Figure 2. This new proof stateis obtainedby
applying inductionon the well-foundedordering ��¿ , fol-
lowedby a caseanalysison

u
. The inductionrule instanti-

atestheoriginalmeta-variable?Swith thepartialdefinition
for qsort andintroducesa new accumulatorvariable

� �
;

this is recordedin thebindingfor theaccumulatorvariable�
. The caseanalysisintroducestwo new meta-variables�iÀ and ��� which automaticallytriggersthequeryextrac-

tion algorithm.However, only �OÀ satisfiesall assumptions.
Wethusselectthefirst subgoalto furtherillustratethealgo-
rithm.

The initial algorithm step is unskolemization,i.e., the
meta-variableapplication �iÀ �\u�� is replacedby an existen-
tially quantifiedobject-level variable l . Theconsequentof
thefirst subgoalthenbecomes

�il vyuw�d&+) � perm
��uR� l � . ord

� l �
This step reverts the initial introduction of the meta-
variableswhich canbeconsideredasskolemization;it also
introducesa nameby which thecomponent’s resultcanbe
referencedwithin thefirst-orderquery.

The queryheaderis easyto form. We just combinean
arbitrarynamefor the componentwith the input variables
andtheoutputvariableobtainedby unskolemization.If the
occurrenceof themeta-variableis simple,its argumentsare
preciselytheinputvariablesfor thequery. Thetypesof the
variablesareeasilyobtainedfrom the currentproof state.
Thequeryheaderfor ourexampleis:

��s � lTe �\u/v(uw�d&+)_� l v�ux�d&T)
The third stepis to derive the querypreconditionfrom

the subgoalantecedent.The strongestpossibleprecondi-
tion is the conjunctionover the entire list of hypotheses.
However, someof themmay be unfit or irrelevant for re-
trieval purposes.We thuseliminateaccumulatorvariables,
literals which containmeta-variablesother thanthe meta-
variableinvolvedin retrieval, andliteralswhich containno
freeoccurrencesof theinputvariables.Hypothesiselimina-
tion is pragmaticallymotivatedbut semanticallyjustifiedby
theweakeningrule

� � 2�3¾N � 2�3 � 
 
 � 9\Á � � 2�3¾N � which
is atheoremof ISABELLE’smeta-logic.In theexample,hy-
pothesiseliminationleaves

u 2 
 �
astheonly (but already

ratherstrong)precondition.
Due to the unskolemizationstep, the subgoal’s conse-

quentessentiallyforms the first-orderpostconditionof the
query. Only someminor “cosmetic”modificationsarestill
required. We drop all (universalmeta-level) quantifiersof
theinputvariablesandtheexistentialobject-levelquantifier
introducedby unskolemization. In the example,the post-
conditionis therefore

perm
��uR� l � . ord

� l �

Thevariablesdonotremainfree,however;they arerebound
universallyduringtheconstructionof theproof task.

Thecompletequeryis now

��s � lTe �\u/v(uw�d&+)_� l v�ux�d&T)
pre

u 2 
 �
post perm

�\uR� l � . ord
� l �

which can be submittedto the retrieval subsystem. Let
usassumethatour library containstwo componentswhich
constructand copy lists, respectively. Thesecomponents
mayinvolveany non-trivial amountof administrativeover-
head(e.g., memorymanagement)but we further assume
thattheir specificationsuw�d&+)Âv�v r } t &+) lTs
r ) } l �7� l�# v�uw�d&+)

pre true
post l # 2 
 �

and

r } � e ��u # v�uw�d&+)_� l�# v�uw�d&+)
pre true
post l�#/2 u #

only reflecttheir basicfunctionalities. Let us alsoassume
that both componentspassedthe early filter mechanisms
of the retrieval system. The final retrieval stepis an “all-
out match”, i.e., an attemptto prove that the components
actuallysatisfy the query. The full proof taskconsistsof
(1) alongwith parameterquantificationand identification.
Hence,theproof tasksfor

ux�d&T)`v7v r } t &+) lTs
r ) } l and r } � e are
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Figure 2. Proof state after induction and casesplit.

respectively:

� uR� l � l # v list � l:2zl # F�\�\u 2 
 � F true
�

. ��u 2 
 � . l�#�2 
 � F perm
�\uR� l � . ord

� l �\�_�
� uR��u # � l � l�# v list � u 2 u # . l:2zl�#/F�\�\u 2 
 � F true

�
. ��u 2 
 � . l�#�2 u #�F perm

��uR� l � . ord
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Both taskscan easilybe proven by an automaticfirst-
order theoremprover suchas SPASS [23], i.e., both com-
ponentsareretrieved. Note that thefirst taskis valid even
thoughtheconstructor’ssignaturedoesnotmatchthequery.
Thefinal selectionof oneof the(in generalmany) retrieved
componentsis oneof themajordesigndecisionsin integra-
tion which cannotbeautomated.It is similar to the selec-
tion of oneof the(possiblyinfinity numberof) higher-order
unifiersin [3].5 However, in our caseit mayalsobebased
onthenon-functionalaspects(e.g.,memoryor performance
characteristics)of thecomponents.Assumewe thuschose
to instantiate�OÀ with copy. The qsort-fragmentthen
becomes

Ã
Ä >(Å?Æ �\u�� 2zÇ�É u 2 
 � Æ�ÊDËyÌ�Ðy>�ÑEÒ ��u�� ËE@ Ä Ë ��� � ÊDÍ ��u���� Æ
@ �\u��\�
In thiscasetheprimaryreuseeffectsarerathersmallasthe
instantiationof �OÀ with copy saves no proof stepsover
the direct solution �OÀ 2ÔÓ�� � 
 � as donein [3]. How-
ever, therearestill secondarybenefits. Using the explicit
library componentinsteadof the“inlined” Ó�� � 
 � improves
theadaptabilityof thesynthesizedprogram.If for example
thelists arerefinedinto arrays,therefinementproof canbe
restrictedto thespecificationsof theactualcomponentsand
theoriginalsynthesisproofneednot to berepeated.

4.2. Signaturecleaningand signaturematching

If all meta-variablesaresimple (cf. assumption5), the
identificationof the query’s input variablesis trivial. This

5E.g.,list::constructorandcopycorrespondto two solutionsof thecor-
respondinghigher-orderunificationproblem Õ�Ö�×��R�°Ø$ÙÚ ��� .

assumptionrarelyholdsandsowe will lift it here. We try
toconstructanappropriatelycleaned,simpleapproximation
of thestill unknown componentsignature.Here,we apply
abstraction, i.e.,wereplacenon-variableobject-level terms
by freshvariablesandmove theoriginal instantiations(via
lifting) into the hypothesessuchthat they can be usedas
additionalpreconditionswhich reflecttherestrictedcalling
pattern.For example,thesubgoal

1 u � Q 2�3 � � �-� � ÊDÍ ��u���� Æ
@ �\u��\�_�
becomes

1 uR����� V � 
 
RQ 9 � 2ÛÊDÍ �\u�� 9 V 2ÛÆ
@ ��u��(� � 2�3 � � ��� ����� V �\�
Abstractiondoesnot introducenew meta-variablesbut (of
course)new meta-quantifiedobject-level variables.Let us
illustratethison thequicksort-example.Considertheproof
statein Figure3 where ��� hasbeeninstantiatedwith the
characteristicrecursive qsort-call and ��Ü � and ��Ü ' rep-
resentthe yet unknown partitions.6 Let us alsotemporar-
ily assumethat ��Ü ' will beinstantiatedwith anappropriate
functiongreater in orderto meetthefourth assumption.
After abstractionand somesimplificationsdue to this in-
stantiation,thesubgoalbecomes

1 uR���_� V � 
 
 ����� 9 uK�2 
 � 9 � 2ÝÊDÍ ��u�� 9 V 2ÛÆ
@ ��u��(� �2�3 perm
� V � ��Ü � �\�_� V � {ÝÞ�ÅDË?ß(ÆDËyÅ ����� V �\�.

maxl
����� ��Ü � ����� V �_�

Fromthissubgoal,thequeryspecification

��s � lTe �\�àvy�ª) ��V � V vyuw�d&+)_� l v(uw�d&+)
pre

uK�2 
 � . � 2áÊDÍ ��u�� . V 2âÆ
@ �\u��
post �
� l V � V � l|{ÝÞ�ÅDË?ß(ÆDËyÅ ����� V �\� . maxl

����� l �
canbeextractedasbefore.Notethat this specificationstill
containstheoriginal,non-abstractedvariable

u
whichhasto

be bounduniversallyduring the constructionof the com-
plete proof task to retain correctness. Before it can be
checkedagainsta library candidatewith a differentsigna-
ture

6Hereweomit subgoalswhichexclusively dealwith terminationissues,
e.g.,(3) in Figure3.
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Figure 3. Proof state after instantiation of recursive call.

u � &�& � � ��u # v�uw�d&+)T��� # v��ª) ��V � l-# v�uw�d&+)
pre true
post � ¸:v(�ª) ��V �¸ j u # . ¸B±�� #iFoã �w¸/��u # � 2¼ã �x¸
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(where ã � � ���/� returnsthe numberof occurrencesof � in�
), the signature mismatch hasto be resolved: a straight-

forward matchingwould identify a list-parameterwith an
item-parameterandthusrenderthetaskunprovable.Signa-
turematchingcanexploit typeinformationto preventsuch
situations.[4] developsanapproachbasedon constructive
isomorphismsof Ó -termswhich fits well into our higher-
orderframework.

Ultimately, the signatureof an auxiliary function is the
resultof adesigndecision;in [3] aspecial“two-placedvari-
ant” of theinductionrule is usedto introducelesseq and
greater astwo-placefunctions.Our techniquescanthus
only beanapproximation.If they fail to retrieve a match-
ing component,the userhaseither to provide a different
call patternby partially instantiatingthe meta-variable,as
in [3], or—in theworstcase—tore-synthesizethemissing
component.

4.3. Multiple meta-variables

Our fourth assumptionstatesthat thereis only a single
meta-variablein eachopensubgoal.In general,this restric-
tion is alsounrealisticbut it canfortunatelybe lifted rela-
tively easily. We still assumethatthemeta-variablescannot
besharedacrosssubgoals.

All meta-variablesareunskolemizedasnormal.A query
is thenformedfor eachmeta-variable�y¶ YwU �������]� �y¶ Y�ä X un-
der consideration.To form the postconditionof the query
for ��¶ Y · , we remove the existential quantifierover �y¶ Y ·
only. Thismeansthattheothermeta-variablesremainexis-
tentiallyquantified.

Section 4.2 describeshow to retrieve lesseq from
the proof state,assumingthatgreater hasalreadybeen
found. Considerwhathappensif we try to retrieve for the
meta-variables��Ü � and �-Ü ' simultaneously. We obtaintwo
queriescorrespondingto ��Ü � and ��Ü ' respectively:

��s � lTey� P �\�àv��ª) ��V � V v(uw�d&+)_� l � v�uw�d&+)
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��s � lTey� Î �\�àv��ª) ��V � V v(uw�d&+)_� l ' v�uw�d&+)
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uK�2 
 � . � 2áÊDÍ ��u�� . V 2âÆ
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post �ål � v(uw�d&+) � �
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Thecomponentspecificationfor lesseq givenin Sec-
tion 4.2 and a similar specificationfor greater match
thesequeries.Therearepotentiallya largenumberof other
componentsthat would also match the queries,however.
The key insight is to notice that the instantiationsof the
two meta-variablesmust be satisfiedsimultaneously. Us-
ing the two queriesindependentlywould thereforebe un-
wise.For example,considertwo simplerquerieswith post-
conditions:

�il � v list � �
� l V � V � l � {Cl ' ��il ' v list � �
� l V � V � l � {Cl ' �
Eachqueryusedindependentlywould retrieve,amongst

other things, list::constructor. Clearly, however, this in-
stantiationcould not satisfy both queriessimultaneously.
We thus follow a different approach. The idea is that
given a list of queries, � � �������O� � W for meta-variables�y¶ � �������O� ��¶ W , we use � Y asa filter for � Ydc � ��������� � W .
Thelibrary is first searchedusing � � whichretrievesanum-
berof possibleinstantiationsfor �y¶ � . Next, the library is
searchedusing � ' but theexistentialvariablein � ' corre-
spondingto �y¶ � is instantiatedwith library componentsre-
trievedin thepreviousstep.Eachpossibleinstantiationfor�y¶ � is checked. Any instantiationfor which thereareno
componentsmatchingthesecondqueryaredropped.This
processis repeatedandthe endresult is a setof instantia-
tionssatisfyingall queries.Notethatthis setcouldbesub-
stantiallysmallerthanif thequerieshadbeenusedindepen-
dently.

In the quicksort example, the first query retrieves
lesseq. After substitutingthis in the secondquery we
get:
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Notealsothatthethird conjunctin thisqueryhasbeenelim-
inated. This is the resultof a post-processingstepwhich
removesany conjunctswhich no longercontaineitherthe
outputvariableof thequeryor any existentiallyquantified
variables. Sincesuchconjunctsappearin the first query
wherethey wereprovedto holdwith theappropriateinstan-
tiation, they mustalsohold in thesecondqueryunderthis
instantiation.Sothey canberemovedfrom consideration.

This second query can now be used to retrieve
greater. In [3], thesynthesisof lesseq andgreater
hasto bedoneby aninductiveproof. This involvessubstan-
tial timeandeffort onbehalfof theuserwhichcanbesaved
by usingdeductiveretrieval.

4.4. Meta-variables shared across multiple open
subgoals

The third assumptionstatesthateachmeta-variableap-
pearsin a uniqueopensubgoal. Thereare (at least) two
solutionsto this problem.Thefirst is to form a new query
for eachopensubgoalwithin which the meta-variableap-
pears.Sincethesequeriesmustbesatisfiedsimultaneously,
eachquerycanbeusedasa filter for thenext queryin the
sameway aswasdoneabove. Alternatively, we could ex-
tract a singlequery from all the opensubgoals.Suppose
that thereareopensubgoals � �������O�  � andthat we can
useourmethodsto extractpre-andpost-conditionsfor each Y . Thenasinglequeryextractinginformationfrom all the
subgoalsis:

��s u�u �+s � lTe �
����� �
pre � l � � � ����� � � l � �
post

� � l � � F � } &+) � � . ����� . � � l � � F � } &+) � �
What arethe trade-offs of thesetwo approaches?This

questioncanbeansweredin termsof theshapeandnumber
of the correspondingproof obligations. Ignoring the pre-
conditions(sincetheseinvolve easyproofs),let us look at
theobligationsbasedonmatchingthequeryandcomponent
postconditions.��s u�u �+s � lTe givesrisetoasingleproofobliga-
tion for eachlibrary componentbut thisobligationis rather
large. In the separatequerycase,thereare, in the worst
case,t � proofobligations,where

�
is thesizeof thelibrary.

Eachlibrary componentmustbecheckedto matchwith the
postconditionsfor each  Y . In practice,however, many of
thesematcheswill fail. If a matchfor a library component
fails, this componentcanbeeliminatedfrom consideration
andmatchesnolongerneedto becheckedfor theremaining Y . Hence,therewill in all likelihoodbesubstantiallyfewer
than t � matchobligations.Also, theproof obligationswill
bemuchsmaller. In this context, it is unclearwhetherit is
easierto handlea largenumberof smallproofsor a single

largeproof. Hence,furtherexperimentsarerequiredto de-
terminewhich is thebetterstrategy for deductiveretrieval.

5. Relatedwork

Manna and Waldinger have alreadyshown [12, Sec-
tion VII] that in theory a notion of componentreusecan
easilybebuilt-into deductivetableaus.Theinitial tableauis
justextendedby rowscontainingthespecifications(or even
theimplementations)of thelibrary componentsasassump-
tion. Theserowscanthenbeusedin thederivationprocess
thesamewayastheusualaxiomsof thebackgroundtheory.
This idea can be translatedin a straightforward way into
Ayari andBasin’s higher-orderre-formulationof deductive
tableau.

In practice,however, this simpleideahasseveredisad-
vantages. In a fully automaticsynthesissystem,the ad-
ditional rows significantlyextendthe searchspace. In an
interactive synthesissystem,finding the right component
specificationfor a resolutionstepis left to thehuman;how-
ever, sincethis is exactly the original componentretrieval
task,nothingis gained.

The AMPHION system [22] follows the Manna-
Waldinger-approachto combinesynthesisandretrieval but
works in the very domain-specificsettingof astronomical
subroutines.AMPHION is successfulbecauseof this do-
mainrestrictionandbecausethesynthesisgranularityis ac-
tually fairly small—eachline of specificationyields,onav-
erage,only threelinesof code.Theintegrationwe propose
is farmoregeneral.

TheKIDS system[20] providessomedegreeof integra-
tion of synthesisandretrieval in thesensethatabstractal-
gorithmscanbepre-definedasschemaswhich arethenre-
usedin later synthesisproblems.We believe that the ben-
efits of integrationwill only be realizedif concretealgo-
rithm re-useis alsoenabled.KIDS hasafacility for reusing
concretecomponentsvia a processfor deriving specifica-
tion morphismsusing unskolemization[21]. Thesemor-
phismscanbe appliedto existing componentsto produce
new operators(e.g.,to derive a compositionoperatorfrom
a decompositionoperator).However, thechoiceof source
componentmustbedonemanually, i.e., theretrieval prob-
lem emergesin the sameway asin the Manna/Waldinger-
approach. [19] hints at how to integrate automatedre-
trieval into CYPRESS,a KIDS-predecessor. The tactic
operator match attemptsto matchsynthesissubgoals
to predefinedoperators.However, the tactic is appliedex-
haustively andsodoesnot scaleup to largercomponentli-
braries.By incorporatingthepre-filters(cf. Section2.2)we
overcomethis scalabilityproblem. [19] also fails to con-
trol whenoperator match is applied. We choseto in-
tegrateourretrieval techniquesinto thehigher-orderframe-
work becausetheintroductionof new meta-variablesyields



aconvenientnotionof whatconstitutesasubstantialchange
of proof state,andhencea control on whento attemptre-
trieval. However, our approachis in principlealsoapplica-
ble to schema-basedsynthesis.

Our own prior work on deductive retrieval clearly
demonstratesthenecessity(andfeasibility) of a highly op-
timized retrieval system. An experimentusingmore than
100 list processingcomponents(comparableto the auxil-
iary functionsusedin the quicksort example)showed the
following resultsaveragedover approximately120queries
of different granularity. The averagenumberof match-
ing componentswas 15.45 with a standarddeviation ofç 2 ÎyÎ � è Î

; however, in more than 27% of the queries,
only a singlecomponentmatched.In the latestversionof
NORA /HAMMR, early pre-filtersrejectalmost75% of the
invalid proof taskswithin approx.20 secondsper query;7

subsequentpreprocessingstepsimprove the averageproof
timesby a factorof 1.5–3,dependingon the prover. The
averageresponsetime per querythusdropsby a factorof
almost3. At thesametime, the recall (i.e., prover success
rate)improvesfrom 30–60%to 60–85%,againdepending
ontheprover. If weputall thesenumberstogether, it means
thattheaverageexpectedtime to retrievethefirst matching
component(whichis sufficientfor synthesis)dropsfrom 19
minutesto 3.5minutes.

6. Conclusion

In thispaper, wehavepresentedanintegrationof deduc-
tive retrieval into a deductive synthesissystem.Thekey to
a practicalintegrationis to identify promisingproof states
whereretrieval canbeapplied.Thisavoidsoverloadingthe
retrieval subsystemwith anexcessive numberof redundant
queries.Experimentsshow thata specializedretrieval sub-
systemis requiredto overcomethe infeasibility of a naive
“all-out match”.

Thereare threemain advantagesto integration. First,
the numberof interactive proof stepsis substantiallyre-
duced;in the quicksort-example,retrieval of the auxiliary
functionssavestwo complex inductivesub-proofs.Second,
the granularitylevel of synthesisis raisedfrom language
constructsto components.Finally, integrationsupportsthe
adaptationof retrieved“near-misses”andthusovercomesa
majorproblemof pureretrieval systems.
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